Abstract Within the continuum mechanics framework, there are two main approaches to model interfaces: classical cohesive zone modeling (CZM) and interface elasticity theory. The classical CZM deals with geometrically noncoherent interfaces for which the constitutive relation is expressed in terms of traction-separation laws. However, CZM lacks any response related to the stretch of the midplane of the interface. This issue becomes problematic particularly at small scales with increasing interface area to bulk volume ratios, where interface elasticity is no longer negligible. The interface elasticity theory, in contrast to CZM, deals with coherent interfaces that are endowed with their own energetic structures, and thus is capable of capturing elastic resistance to tangential stretch. Nonetheless, the interface elasticity theory suffers from the lack of inelastic material response, regardless of the strain level. The objective of this contribution therefore is to introduce a generalized mechanical interface model that couples both the elastic response along the interface and the cohesive response across the interface whereby interface degradation is taken into account. The material degradation of the interface mid-plane The out-of-plane decohesion is described by a classical cohesive zone model. These models are then coupled through their corresponding damage variables. The non-linear governing equations and the weak forms thereof are derived. The numerical implementation is carried out using the finite element method and consistent tangents are derived. Finally, a series of numerical examples is studied to provide further insight into the problem and to carefully elucidate key features of the proposed theory.
Introduction
An interface 1 can markedly differ from its surrounding bulk due to processes such as aging or atomic rearrangement that can substantially affect the overall response of the body. It is important to mention that such an interface is modeled as a zero-thickness entity to capture the finite thickness interphase behavior and is thus corresponding to the overall behavior of the interphase (see Fig. 1b ). In other words, an interface is a lower-dimensional deformable surface embedded in three-dimensional Euclidean space representing a finite-thickness yet thin layer of material. In fact it can be shown that an elastic interface model can be captured by an asymptotically zero-thickness bulk [17] . Moreover, it is also possible to obtain the elastic modulus of interfaces by experimental tests. See for instance [13, 33] . In addition Fig. 1 a A loading "normal" to the interface causing opening across the interface modeled by the cohesive zone approach; b a loading "parallel" to the interface causing no opening across the interface yet deforming the interface in its tangential plane, neglecting interface damage, modeled by interface elasticity theory; c a loading "parallel" to the interface causing no opening across the interface yet deforming the interface in its tangential plane, accounting for interface damage, modeled by interface elasticity theory together with continuum damage; d loadings "parallel" and "normal" to the interface causing both opening across and in-plane deformation of the interface, accounting for interface damage, modeled by interface elasticity theory together with cohesive zone and continuum damage (the current work). The different color of the interface represents different interface material properties as compared to those of the bulk. (Color figure online) to experimental methods, the surface elastic properties are obtainable utilizing semi-analytic methods, ab-initio calculations, atomistic simulation, surface Cauchy-Born techniques or phase-field approaches [see [21, 23, 54, 71, 94] , respectively, for further details]. The classical interface/surface elasticity theory proposed by [38, 61] deals with modeling the above described interfaces. Within this theory the interface is assumed to be coherent, 2 is endowed with its own elastic behavior or more precisely with its own energetic structures and proves to be a very powerful tool to capture the material behavior at the nanometer scale where the surface/interface area to the bulk volume ratio is significant. Due to the above features, these interfaces are labeled elastic or energetic. For further details see for instance, [12, 20, 22, 29, 30, 36, 39, [43] [44] [45] [46] [48] [49] [50] 54, 58, 82, 84] and ref-erences therein. The effect of interface energetics, e.g. for inclusions, and the size-dependent elastic state of the material has been widely investigated recently for instance in [7] [8] [9] 21, [23] [24] [25] [26] [27] 34, 41, [78] [79] [80] 94] and references therein.
Nonetheless, the interface elasticity theory suffers from the fact that the interface behavior remains elastic regardless of the strain level at the interface. This issue can be addressed by extending interface elasticity, such that it also accounts for damage along the coherent interface (see Fig. 1c ). Hence, this interface is labeled inelastic. Note that in this work interface inelasticity is only damage-type. In principle, one can derive an interface damage model as a natural counterpart to the bulk damage model. This is motivated by the fact that the well-established interface elasticity theory is essentially the interface counterpart of bulk elasticity theory. In this work, the interface tangential damage variable D is a function of the interface deformation gradient F which measures the interface tangential stretch or compression (see Fig. 2b ). Analogous to the bulk material, processes such as fracture can also occur on the (in)elastic interface creating a non-coherent interface for which a well established cohesive zone model can be utilized (see Fig. 1a ). Classically, a noncoherent non-energetic interface behavior is often described by cohesive zone models, with the constitutive response being represented by a traction-separation law. Therefore the interface traction and material degradation, measured by a cohesive damage variable D ∦ , are functions of the displacement jump vector. We label such an interface cohesive. Section 1.1 briefly reviews this approach.
However, there exist some limitations with the classical CZM. The first main shortcoming is that it only treats nonenergetic interfaces, neglecting the material existing between the two sides of the interface (see Figs. 1a and 2c-d). Noting that the interface discussed here represents a thin layer of material with mechanical properties independent of the surrounding bulk, it is crucial to take into account the mechanical response of the material in between the two sides of the noncoherent interface (see Fig. 1d ). This is pronounced at the nanometer scale where the surface/interface area to the bulk volume ratio is significant. The second issue with the classical cohesive zone model stems from the fact it can not capture the interface mechanical response if the loading conditions do not cause any form of opening displacement (see Fig. 2b ). This is due to the fact that the classical CZM lacks any deformation resistance against tangential stretch of the interface. Recall that an interface here represents one or several layers of material and thus its mechanical response must not solely depend on whether or not there exists a displacement jump across the interface. We also point out that the tangential deformation of the interface mid-plane and shear/sliding displacement jump across the interface are two very different phenomena (compare Fig. 2b with d) . The former is measured in terms of a second-order superficial deformation gradient F and the latter in terms of the displacement jump vector u with u s and u n being its shear and normal components. The former then causes interface stress on the tangential midplane of the interface resulting in the superficial second-order Piola stress tensor P, while the latter causes traction T , a vector quantity, 3 across the interface. To induce stress on the tangential plane of the interface one needs to apply deformation on the elastic interface, whereas a cohesive interface is existent if and only if there is some form of opening (normal or shear) across the interface. Finally the material degradation of a cohesive interface (see [72] for a review of such models) does not include the tangential degradation of the elastic interface, since an interface could possibly undergo a large deformation before it even begins to encounter any displacement jump (see Fig. 2 and refer to Sect. 1.2 for further discussions).
In the current work, the in-between interface material is represented by a zero-thickness fictitious mid-plane 4 for which the extension of the interface elasticity theory to 
The definition of the total damage variable guarantees that any in-plane degradation influences out-of-plane material decohesion and vice versa. Moreover, the coupling ensures complete degradation of the interface material i.e. D tot = 1, if total material breakdown occurs tangentially i.e. D = 1, or cohesively i.e. D ∦ = 1 (see Fig. 3 ).
The main ingredients of the current contribution are (i) a cohesive zone model coupled with (ii) interface elasticity subject to (iii) in-plane damage. It is important to mention that the interface elasticity theory and classical cohesive zone models are special cases of the current model. A classical CZM is recovered if the interface elastic material constants are set to zero, and the interface elasticity theory is obtained if the interface remains coherent which marks the limit for the cohesive stiffness tending to infinity. A brief review of damage-type cohesive zone models is now given.
State-of-the-art review of cohesive zone models
Cohesive zone models were first introduced by [6, 28] . Later [40] formulated the fictitious crack model. A physi- 5 Note that the term "out-of-plane" refers to cohesive properties of the interface since these properties are functions of the relative displacement of the two sides of the interface with respect to each other and not the deformation of the interface mid-plane. Therefore shear opening and shear degradation are also labeled out-of-plane.
cal support was provided by [65] for the model of [40] . A potential-based cohesive zone model was proposed by [62] , which was generalized by [73, 92, 93] to account for shear decohesion, tensile decohesion and irreversibility [62, see also] . The mode-mixity was introduced in [86] and used by [15] . Recently a small-strain thermodynamically-based fictitious crack model was formulated by [66] . A finite element irreversible mixed-mode formulation was given by [64, 70] .
The majority of cohesive zone laws in the literature are either polynomial [86] , piece-wise linear [87] , exponential [92] , rigid-linear cohesive zone laws [11] or some combinations thereof, whereby these are either intrinsic or extrinsic [52, 88] .
Various cohesive constitutive relations accounting for dissipation and hysteresis were presented in the works of [63, 64, 76, 89] . A consistent formulation of a crack/interface model applicable to finite deformations was given for instance by [4, 31, 37, 56, 59, 85] . The large-deformation cohesive models can be divided into two groups depending on weather the opening displacement is defined in the material configuration [60, 85] or in the spatial configuration [37, 56, 64, 89, 90 , see for instance]. In a recent contribution [67] provided a largedeformation cohesive zone framework satisfying the angular momentum balance. Furthermore [68] extended the work in [67] to include energetic interfaces.
In the field of composite delamination many authors e.g. [1, 3, 5, 10, 16, 18, 19, 53, 57, 77] employed the continuum damage mechanics approach to model the degradation of non-coherent, cohesive interface elements. A formulation for a non-local damage-type cohesive zone model was provided by [14, 42] . Within a thermomechanical framework [32, 35, 69, 91] studied the effects of the degradation of the cohesive interface on thermal properties. The coupling of an interface damage model and friction is provided in ( [2, 16, 55, 74, 75] , among others) using cohesive zone models. 
Tangential deformation versus shear sliding
Following the discussion in the introduction, we provide an example in Fig. 4 , where different boundary conditions are applied to a strip with a straight interface. The undeformed configuration is illustrated in Fig. 2a . It is important to recall that the interface in this work represents one or several layers of thin materials which undergo deformation, inelastic and/or fracture processes. As stated before, the model developed here couples a classical cohesive zone model and interface inelasticity.
In Fig. 4a , a force is applied on the right boundary of the domain, parallel to the interface. Under this condition the interface only experiences tangential stretch (deformation) resulting in stress on the interface plane (P xx = 0) whereby the interface remains coherent (no displacement jump across the interface). Due to such stretch, the tangential degradation of the coherent interface initiates and evolves until complete material breakdown (D ≈ 1). This type of interface can only be modeled by an interface (in)elasticity theory.
In Fig. 4b a force is applied on the top boundary while fixing the bottom boundary. This condition results in a normal opening and normal traction T n across the interface and no superficial Piola stress P on the interface mid-plane. Note that the cohesive degradation is fully developed (D ∦ ≈ 1) while no tangential (in-plane) degradation is detected (D = 0).
In Fig. 4c we apply the force only on the top half of the right boundary while the bottom half of the domain is fixed. Under these circumstances, a shear opening and shear traction T s across the interface is observed. Note that here, too, only the cohesive interface degradation is present, i.e. D ∦ > 0.
In Fig. 4d the force is only exerted on the top half of the right boundary at an angle of 45 • , while the bottom half of the domain are fixed. Under these circumstances, a mixed-mode opening and traction T s , T n across the interface, together with a superficial Piola stress P on the interface mid-plane are observed. To study such a complex case, we use the model developed in this work: a coupling of interface elasticity, damage modelling and CZM. Note that now interface traction, stress, and cohesive and tangential degradations are present, i.e. T s = 0, T n = 0, P = 0, D ∦ > 0 and D > 0.
Organization of this manuscript
This manuscript is organized as follows. First the notation and certain key concepts are briefly introduced. Section 2 summarizes the kinematics and the governing balance equations of non-linear continuum mechanics. A non-local continuum damage model on the mid-plane of the interface, a cohesive zone model on the non-coherent interface and the coupling of these two models are derived in Sect. 3. A specific interface Helmholtz energy and its arguments together with a specific interface cohesive potential and its arguments are proposed. The coupling of the tangential and cohesive damage variables and the necessary requirements for such a coupling are presented. Thermodynamically consistent constitutive relations are then determined. A numerical framework that encompasses interface elasticity coupled with non-local damage and a cohesive zone model on the interface is established in Sect. 4. The framework includes the weak formulation of the governing equations, the corresponding finite element implementation and the derivation of the consistent stiffness matrices. A series of numerical examples, based on the finite element approximation of the weak form, is presented in Sect. 5 to elucidate the theory. Section 6 concludes this work.
Notation and definitions
Direct notation is adopted throughout. Occasional use is made of index notation, the summation convention for repeated indices being implied. The three-dimensional Euclidean space is denoted by respectively. All over-lined quantities correspond to the interface. Table 1 gathers a list of notations frequently used in this manuscript.
Problem definition
This section summarizes the kinematics of non-linear continuum mechanics including material generalized interfaces and introduces the notation adopted here. Further details on the kinematics of deformable interfaces can be found in [49] . The bulk domain B 0 , the bulk subdomains B ± 0 , the interface I 0 , the two sides of the interface I ± 0 and the unit normals to the surface N, mid-plane of the interface N, and boundary of the interface N, all defined in the material configuration. The bulk, interface and the two sides of interface deformation maps, denoted as ϕ, ϕ and ϕ ± , respectively, map the material configuration to the spatial configuration at time t. The bulk domain B t , the bulk subdomains B ± t , the interface I t and its two sides I ± t , the unit normals to the surface n, interface n, and boundary of the interface n, all defined in the spatial configuration. The deformation jump across the interface in the spatial configuration is denoted by x . The interface unit normal is pointing from the negative to the positive side of the interface . The bulk and rank-deficient interface deformation gradients are F and F, respectively Consider a continuum body B that takes the material configuration B 0 ⊂ E 3 at time t = 0, and the spatial configuration B t at t > 0, as depicted in I 0 . The material particles on the interface are labeled by X. The outward unit normal to ∂B 0 is denoted N. The outward unit normal to the boundary of the interface ∂I 0 , tangent to the interface I 0 is denoted N. The unit normal to I 0 is denoted N whose direction is conventionally taken to point from the negative side of the interface to the positive side. The spatial counterparts of the various unit normals are n, n and n, respectively. The deformation maps of the bulk, and the negative and positive sides of the interface are denoted ϕ, ϕ − and ϕ + , respectively. The restriction of the motion ϕ to the interface is defined by ϕ := {{ϕ}}. The current placements of particles in the bulk and on the two sides of the interface are denoted x and x ∓ where the spatial placement of particles on the mid-plane of the interface are designated as x := {{x}}. Note that ϕ = 0 and x = 0 denote the opening displacement across the generalized interface.
The bulk and the rank-deficient interface deformation gradients are respectively defined by F(X, t) := Gradϕ(X, t) and
The interface gradient and divergence operators are respectively defined by 
where I and I denote the interface and bulk unit tensors. Their spatial counterparts are denoted i and i. Finally the bulk and interface Jacobians are denoted by J := det F > 0 and J := det F > 0 respectively, with det{•} denoting the area determinant [84] . Equilibrium conditions in the bulk and on a generalized interface together with associated boundary conditions are listed in Table 2 (see [48, 49] , for further details).
A detailed derivation of the balance of forces and moments on the generalized interface is presented in "Balance of forces and moments on the interface" Appendix section. The interface Piola stress tensor P is a superficial 6 tensor field possessing the property P · N = 0. In the absence of b p , the jump of traction across the interface equates with the negative divergence of the interface stress tensor. Therefore, the classical traction continuity across the interface ( P · N = 0) no longer holds. The balance of moments on the interface can also be rewritten as [{{ P}} · N] ⊗ r + F · P t , which is symmetric (see "Balance of forces and moments on the interface" Appendix section for further details). Note that P represents the nominal surface stress on the mid-plane of the interface.
Furthermore, for the brevity of exposition no material degradation is here considered in the bulk. 
The notation {•} p is to distinguish prescribed quantities. The notation {•} t is the transposition operator
Damage modeling for generalized interfaces
In this section first an isotropic non-local in-plane damage model in terms of integral averaging is briefly presented for large deformations on the interface. This model takes into account the in-plane degradation of the interface. Second, an irreversible finite-deformation cohesive zone model is reviewed to account for the material decohesion across the interface. Finally, the above models are coupled by their corresponding damage variables (tangential D and cohesive D ∦ ) in a specific manner so that material degradation in any of the directions (along or across the interface) affects the material stiffness in the other direction.
In-plane interface damage model
Damage is here modeled by introducing an internal variable D . This variable then relates the interface nominal (damaged) Piola stress tensor P to the interface effective (undamaged) stress tensor P 0 through a reduction factor
To proceed, a Helmholtz energy 7 is considered containing the following arguments
with D ∈ [0, 1] where W 0 F is the interface effective (undamaged) Helmholtz energy and H (κ) denotes a monotonically increasing function depending on the internal variable κ. Differentiating Eq. (3) with respect to time and particularizing the interface Clausius-Plank inequality one finds Therefore, the interface nominal Piola stress tensor P and the reduced dissipation D red are expressed as
where Y = W 0 F , driving the damage evolution, is the thermodynamic force conjugate to the interface damage variable D. Next a damage condition Υ is motivated as [83] 
with υ being a monotonically increasing function. The KuhnTucker conditions then read
with λ * being the consistency parameter. Now by choosing υ(•) = H(•), and defining the change of variables F max := f (κ) and F nloc := f Y and assuming f to be a monotonically increasing function with the property f (0) = 0, an alternative damage condition to Eq. (7) takes the form
where F max (t) = max s∈[0, t] F 0 , F nloc s , F 0 is the damage threshold, F loc is the local equivalent distortion, and E is the interface Young's modulus. Note that the tangential damage variable is a function of F max , i.e. D = D(F max ). The evolution of damage occurs when φ = 0, which characterizes the damage surface. In Eq. (9) 2 , ω (x r , x s ) is a given non-local weight function depending on the geodesic dis- and T max is the effective traction evaluated at δ max . The parameters F 0 and F f are the interface critical equivalent distortion and ductility response tance 8 r = x r − x s I between the source point x s and the receiver point x r . Note that in Eq. (9) 2 , the integral extends on the lower-dimensional manifold I 0 . In order to resolve the issue of alteration of a uniform field in the vicinity of the boundary, the weight function is scaled leading to
where ω 0 (r ) is a non-negative and monotonically decreasing (for r ≥ 0) piecewise polynomial bell-shaped function. The interface interaction radius is denoted by R. Finally, a smooth function to relate the damage variable D to the history variable F max with resulting exponential softening law is chosen as follows:
where F f affects the ductility of the response (see Fig. 6b ). 8 The geodesics are the general form of straight lines when applied to curved, three-dimensional interfaces. The minimal geodesics in differential geometry are the shortest distance paths between two points on a interface.
Out-of-plane interface damage model
The focus in this section is on the derivation of an irreversible finite-deformation cohesive zone model 9 on the non-coherent interface. A classical traction-separation law can be obtained (see [56] , for further details) from a potential which in the absence of internal variables takes the form
Consequently by taking the derivative of cohesive energy Eq. (12) with respect to the opening displacement vector ϕ one can find the traction vector as follows [56, 64] , if | ϕ | = δ max and| ϕ | ≥ 0, then,
where δ c is a characteristic opening displacement at which T eff reaches a critical value denoted by σ c and δ max is the maximum attained effective opening displacement introduced to take into account the irreversibility of the model (see Fig. 6a ). The constitutive relation in the case of unloading takes the form [11, 64] 
where T max is calculated by evaluating T eff in Eq. (13) at δ max . The linearization of the cohesive traction with respect to the jump term, i.e. the cohesive tangent, is give in the case of loading as
Correspondingly in the case of unloading the cohesive tangent reads
Although the current cohesive model is not based on an explicit definition of a cohesive damage variable, as required by the coupling in Sect. 3.3, we shall define a cohesive damage parameter as follows
where the critical energy release rate G c is obtained by
Finally by taking the time derivative of Eq. (17) one obtains the evolution of the cohesive damage variable as followṡ
∂δ maxδ max ≥ 0, witḣ
which is consistent with the irreversibility of damage [64] . In addition, relation (19) 2 states that the cohesive interfacial response during a cyclic unloading-reloading does not change as long as the opening displacement does not exceed its formerly attained maximum value upon reloading.
Coupling of tangential damage and cohesive model
The focus of this section is on the coupling of material degradations along and across the interface. As stated earlier the tangential damage variable D is introduced to account for in-plane degradation of the interface. The cohesive damage D ∦ is defined to measure the decohesion across the noncoherent interface. Now in what follows the coupling of the two models (continuum damage and cohesive zone) using the above damage variables is presented. First a total damage variable D tot is introduced as follows
in order to meet the following requirements
Note that the first requirement in Eq. (21) 1 ensures that the initiation of damage in any direction also triggers the interface damage in the remaining direction, for which the associated damage variable might still be zero. The second condition in Eq. (21) 1 guarantees that the cohesive or tangential total breakdown results in the total breakdown of the interface material.
Having defined the total damage variable D tot , the arguments of the interface total free energy Ψ are now selected as 
and
respectively, where H 0 is a monotonically increasing function. In summary the interface free energy Ψ is composed of two terms: the tangential free energy Ψ and the cohesive free energy Ψ ∦ , defined respectively, by
We should point out that the definition of Ψ To better understand the nature of the above proposed form for the interface free energy Ψ one can study two extreme cases: (i) a cohesive (non-coherent and non-energetic) interface, Eq. (12), with Ψ = 0 and (ii) an energetic (coherent) interface, Eq. (3), with Ψ ∦ = 0. Note that for these extreme cases, as the respective damage variables, i.e D ∦ and D evolve, the corresponding energies are reduced (dissipated) which correspond to a damage-type cohesive zone model and an interface continuum damage approach, respectively. Regarding the interface in this work which is cohesive and energetic, two sources of interface energy are consequently required meaning that now the total interface free energy is the sum over these partial energies. However, the summation is now performed by multiplying the partial energies by the total reduction factor given in Eq. (23) so that when the interface material is degraded cohesively and/or tangentially, all the partial energies are reduced accordingly to make sure that the interface total material is damaged, see also Eq. (21) and the related discussions. This idea stems from the fact it must not be possible to encounter cohesive degradation while the in-plane interface properties remain intact and vice versa. For further clarification let's now assume the following two loading case:
These assumptions result in Ψ = 0 since Ψ ∦0 ∦ = 0, and Since the interface mid-plane represents the material between the two sides of the cohesive interface, this plane must also be degraded with the evolution of cohesive damage (case 1 above). The other case is equally necessary. If the interface mid-plane undergoes a material degradation due to a large tangential deformation, the cohesive stiffness must as well be reduced (case 2 above). The energy formulation given in Eq. (25) realizes both of the above and all the situation that fall in between.
Differentiating Eq. (22) with respect to time, using Eq. (25)
and particularizing the interface Clausius-Plank inequality and using Eq. (26) one finds
Thus, the interface nominal Piola stress tensor P and the cohesive traction vector T are expressed as
The positive-semi-definiteness of Eq. (27) is fulfilled noting that
Finally the interface tangent tensor for the local damage model and cohesive tangent are now obtained as
respectively. The derivation of the non-local interface tangent tensor will be discussed in Sect. 4.
Computational framework
The purpose of this section is to establish a numerical framework for generalized interfaces. Deriving the weak form and spatial (finite element) discretizations will be presented next.
Weak form
To derive the mechanical weak form, the localized force balance equations in the bulk and on the interface given in Table 2 are tested (from the left) with vector valued test functions δϕ ∈ H 1 (B 0 ) and δϕ ∈ H 1 (I 0 ), respectively. The result is then integrated over the corresponding domains in the material configuration. Using the bulk and interface diverg ence theorems (see "Extended divergence theorem" Appendix section) and the orthogonality properties of the interface Piola stress measures, the weak form of the balance of linear momentum is
A detailed derivation of the mechanical weak form is presented in "Weak form of the balance of forces" Appendix section.
Finite element implementation
In order to apply the finite element method to the present problem, the weak form Eq. (32) is discretized. The discretization is carried in space by means of the finite element method (see [46, 51] , for further details).
In order to have a straightforward and efficient implementation of the finite element method, the interface elements are chosen to be consistent with the bulk elements. For example, if the bulk is discretized using triquadratic elements, then biquadratic interface elements are used. This choice has the advantage that common facet of two adjacent bulk elements can be regarded as an interface element.
The geometry of the bulk, interface and the deformation jump over the interface are approximated as a function of the natural coordinates ξ ∈ [−1, 1] 3 andξ ∈ [−1, 1] 2 assigned to the bulk and the interface, respectively, using standard interpolations according to the isoparametric concept as follows
where B β 0 and I γ 0 are the βth and γ th element in the bulk and on the interface, respectively. The shape functions of the bulk and interface elements at a local node i are denoted by N i and N i , respectively. Every bulk and interface element consists of n nB and n nI nodes, respectively.
Next, the fully discrete form of mechanical residual vector tot R I associated with the global node I is defined by 10
Note that the total nodal mechanical (momentum) residual tot R I consists of contributions from both the bulk and the interface, i.e. tot R I = R I + tot R I where the total nodal interface residual tot R I is composed of
The global momentum residual vector takes the form
where n Bn and n In denote the total number of bulk and interface nodes. The summation operator implies the (conventional) residual assembly of finite element method. The fully-discrete coupled non-linear system of governing equations can be stated as follows
where d is the unknown global vector of spatial coordinates. To solve (36), a Newton-Raphson scheme is utilized. Thus the consistent linearization yields the corresponding total (algorithmic) tangent stiffness matrix defined by
Note that tot K is decomposed into contributions from the bulk K and the interface tot K. For a local damage model on the interface, the bulk, the elastic-damage interface and cohesive interface nodal stiffness sub-matrices K IJ , K IJ and K I ± J ± are defined, respectively, by
where A and T are calculated using Eqs. (30) and (31) and
In the case of a non-local damage implementation, the elastic-damage interface nodal matrix Eq. (39) takes the form
where D is the derivative of D with respect to its argument,
Note that the second term in Eq. (41) contributes to the interface stiffness matrix due to the non-locality of the interface damage model.
Numerical examples
The objective of this section is to study the role of a generalized mechanical interface (obeying tangential elasticity coupled to non-local damage and cohesive degradation) on the overall response of a body and to elucidate the theory presented in the previous sections. The influence of increasing specimen size on the overall response is also studied by fixing the bulk material parameters and increasing those of the interface. It is important to point out that the solution procedure is robust and shows the asymptotic quadratic rate of convergence associated with the Newton-Raphson scheme as expected from the consistently derived (algorithmic) stiffness matrices. The material behavior in the bulk and on the tangential plane of the interface is characterized by Helmholtz energy functions. Table 3 gathers the effective (undamaged) constitutive relations in the bulk and on the generalized interface. The corresponding material parameters for the bulk and interface are given in Table 4 . Note that some of the interface material parameters take different values than those appear- Table 3 Constitutive relations in the bulk and on the generalized interface in the material configuration
In-plane Out-of-plane Table 4 , which will be explicitly mentioned whenever necessary.
Consider the three-dimensional strip shown in Fig. 7 . The strip is partitioned into two homogeneous domains by an interface. The width and the thickness of the strip are kept constant. A displacement of 0.5 mm is prescribed on the two opposite sides, resulting in a constant global loading of the strip. Under such conditions the resultant deformations are large; thus a finite deformation setting is required and implemented. The prescribed displacement is applied in 100 equal steps. The strip is discretized using 1600 trilinear hexahedral elements. Figure 8 shows the evolution of the overall stress response measured in the bulk in the presence of a generalized interface at different interface elastic parameters. Note that interface elastic parameters vary while fixing the bulk Lamé parameters.
It should be pointed out that in the case of μ = λ = 0 the generalized interface is no longer elastically energetic and behaves like a classical cohesive interface (see Fig. 8a-d) . Such behavior results in a stress concentration in the middle of the interface. The reason why the stress concentration occurs in the middle of the interface is that the highest value of the effective opening displacement occurs in that region. Consequently when | ϕ | reaches its critical value δ c , traction reduction over the interface alleviates the intensity of the stress concentration.
Transitioning from a classical cohesive interface to a generalized interface dramatically changes the stress distribution in the domain (see Fig. 8e-p) . Firstly such a change is clearly The thickness is 0.05 mm observed in the shape, location and magnitude of the stress concentrations due to the tangential degradation of the interface. In all the cases depicted in Fig. 8e -p compared to Fig. 8a-d the two distinct zones of concentrated stress are further apart along the interface. Secondly a comparison of the stress distribution of all the cases at 100 % of the prescribed deformation (compare Fig. 8d with h, l and p) reveals an overall drop in stress. This is another consequence of a mechanically weakened (damaged) interface in its tangential plane in addition to its decohesion across the interface. Thirdly having compared Fig. 8i-l with Fig. 8m -p respectively, one can deduce that the more evolved the total damage D tot , the more similar the stress distributions. This observation stems from the degradation of interface material with the evolution of damage where at high deformation levels the interface no longer bears any load. It is also of interest to note that as one moves from a classical cohesive interface to a generalized (cohesive and energetic) interface a drop in stress is observed (see for instance the first column in Fig. 8 ). This is due to the fact that for a purely classical cohesive interface, the traction across the interface assumes the highest value (see Fig. 11c ), inducing large stress especially in the middle of the interface. As the interface becomes energetic, the evolution of tangential damage D dramatically decreases the traction value (see Figs. 11c and 12a) and thus causes the drop in the stress measured.
The bulk stress evolution is shown in Fig. 11a . One can observe two major drops in stress associated with the onset of tangential and cohesive damage, respectively. Note that both tangential and cohesive damage variables D and D ∦ contribute to the total damage D tot . Therefore any increase in the cohesive damage adds to the localized distortion.
The traction response of the generalized interface with and without tangential damage is illustrated in Fig. 9a-d and ep, respectively. With μ/μ = λ/λ = 0 presenting a classical cohesive interface, the traction first reaches a critical value σ c and in the following decays exponentially. Such behavior is first observed in the middle of the interface possessing the highest value of the effective opening. On the contrary, for all the generalized interfaces (μ/μ = λ/λ = 0) the tractions always stay beneath the critical value δ c = 2000 N/mm 2 which is caused by the tangential degradation of the interface. Considering the minimum values of the tractions reveals that the stiffer interfaces have the larger traction drops at 50% of final deformation (see Fig. 9g , k and o for example). This observation is also illustrated in Fig. 11c .
The interface stress profiles are shown in Fig. 10 . We observe that with increasing the interface elasticity the location of minimum stress and the deformation level at which the stress drop occurs are different. For instance the stress drop for the case μ/μ = λ/λ = 2 is seen at 14% of total stretch, yet such drop in the case of μ/μ = λ/λ = 10 takes place at 50% of final deformation.
In addition the evolution of interface stress depicted in Fig. 11b consists of a gradual reduction of the stress with the onset of D , a sudden drop of the stress with the onset of D ∦ and finally an exponential decay of the stress with the evolution of both D and D ∦ .
The evolution of the tangential, cohesive and total damage profiles together with the equivalent distortion are demonstrated in Fig. 12a-d , respectively. It is observed that the higher the interface energy the more delayed is the onset of the tangential damage. Furthermore, in general the more elastic interface undergoes smaller tangential deformation and thus in-plane degradation (see Fig. 12a, d ). It is also of interest to note that with the onset of cohesive damage a sudden increase in equivalent distortion of all the interfaces is observed which is directly translated into higher tangential and total degradation of the interface. Nonetheless, the more energetic interfaces depict higher sensitivity to the initiation of interface cohesive damage. Finally the saw-tooth behavior observed in Fig. 11 is due to the existence of the bifurcation point in the tangential stress response as illustrated in Fig. 6b . Moreover one needs to take into account the effect of tangential damage on the cohesive traction: as we increase the loading, the tangential damage grows and consequently the cohesive traction is reduced, which removes loading from the interface, resulting in a local unloading on the interface. This response is observed until the onset of cohesive damage occurs.
Summary and conclusion
A three-dimensional finite element framework for continua containing geometrically non-linear generalized interfaces is presented. The tangential elastic response of the interface is captured by endowing it with its own mechanically energetic structure. The interface in-plane degradation is modeled using an integral-type non-local isotropic damage approach. In addition, an irreversible large-deformation cohesive zone model is used to capture the material decohesion across the interface. The material degradation along and across the interface are coupled through the tangential and cohesive damage variables. The corresponding weak forms of the balance equation including the contributions from the interface are given. The balance equations are fully discretized using the finite element method. A material model for the interface Helmholtz energy is then introduced. An exponential traction-separation law is selected to describe the interface cohesive constitutive relation. The exact consistent stiffness matrices in the bulk and on the interface are derived. A series of three-dimensional numerical examples serves to elucidate the role of the novel generalized interface model on the overall response of the body. A comparison of the results obtained from classical and novel (current work) interface models reveals that the location, shape and intensity of stress concentrations are dramatically affected. In addition, the stress response of the body is at lower levels due to the tangential and cohesive interface material damage. It is also shown that tangential damage dramatically increases with the onset of the cohesive damage. It is straightforward to employ more sophisticated damage mechanisms such as anisotropic damage models. Moreover, an investigation of the influences of the current interface model on the thermo-mechanical response of the body is of great importance. These extensions shall be discussed in later contributions.
Balance of forces and moments on the interface
The global form of the balance of forces both in the bulk and on the interface is given as [see [45] , for further details concerning thermomechanical solids with surface energy only] 
Since δϕ = 0, for non-coherent interfaces, and {{δϕ}} = δϕ, Eq. (55) simplifies to the weak form Eq. (32).
